Biquaternions
Hamilton defined the quaternion basis i, j, k like
=2 =k =ijk=—1

and quaternions to be of the form ¢ = qo + q1% + q27 + gsk. If we let each g; be a
complex number of the form a + bh with h? = —1 and commuting with 4, j, k, we arrive
at the biquaternions (also called the complex quaternions), (Cl}f. As it turns out the
biquaternions are exactly equivalent to the geometric algebra Cl3 .

Clzo is generated by the basis vectors o1, 02,03 with a? = 1 and 0;0; = —ojo; for
i # j. We will write o;; for 0;0; &c.

We find the following multiplication rules:

2
Oy = 01212 = —01122 = —1
2
033 = 02323 = —02233 = —1
2
031 = 03131 = —03131 = —1
012093 = 013 = —031
093031 = 091 = —012
031012 = 032 = —023
2
0123 = 0123123 = 0112323 = —0112233 = —1

010123 = 012301 = 023
020123 = 012302 = 031

030123 = 012303 = 012

0230123 = 0123023 = —01
0310123 = 0123031 = —02
0120123 = 0123012 = —03

We can see that the following identification of biquaternion with Cl3 o elements gives
exactly the same rules while obeying the biquaternion definition:

1:= —093
Ji=—o31
k= —o19
h:= 0123
In particular it follows that
th=hi =01
jh=hj =09
kh = hk = o3

Thus every basis element of Cl3 has a counterpart in (CI?{.



Spacetime algebra

Dirac’s y-matrices are precisely Clj 3, also called the Spacetime algebra (STA). Let i, j
be 1, 2, 3 and distinct. We have:

%=1
=1
We quickly find that the even subalgebra of this is isomorphic to Cl3 o:

%’20 =1
v =1
’7(2)123 =-1

Y12723 = Y31 = —031
723731 = Y12 = —012
Y317Y12 = 723 = —023
Y10720 = —712
20730 = —723
30710 = —731

Yio = 04

0123 = 710720730 = (—701)(—723) = Y0123

011,3 01370 (Clgr (Clg 62
1 01 01 0|1 0 1
Y0 1 1
71 1 -1
2 1 -1
V3 1 -1
Y0 2| o1 1|ipr 2|4 1] 1
Y0 2| o9 1|ipe 20|47 1i] 1
Y0 2|03 1lips 2i|ik 2| 1
Y23 2| —023 2|p1 2 5 -1
731 2| =031 2|p2 2] -1
M2 2| -0z 2|p3 2 |k -1
723 3 1
Y023 3 -1
Y031 3 -1
Y12 3 -1
Yoi23 4 | 0123 31 0i |1 0i | -1

We can generate Clz 1 by two-sided multiplication of quaternions, and Cly 3 by two-
sided multiplication of complex quaternions:



Cli3 Clz
1 1)1 1)1
Y0 Llipt |1]p
" p1 | ip2 | p1 | p2
Y2 p2 | ip2 | p2 | p2
V3 p3 | ip2 | p3 | p2
Y10 —p1 | p3 | p1|ps
Y20 —p2 | p3 | p2 | p3
Y0 | —p3|ps | pslps
y23 | P11 —p1 |1
Y31 | p2 |1 —p2 |1
m2 | p3ll —p3 |1
Y123 | =1 |ip2 | 1] p2
Yo23 | p1lip1 | —p1 | ;1
Yos1 | p2 | ip1 | —p2 | ;1
Yoz | p3|ip1 | —p3 | o1
Yo123 | =1 [ ps | =11 ps
Cli3 Cls 1
11 |1 1
p1 |1 | 723 —"23
p2 |1 | v31 —731
p3 |1 | 72 —712
Lipt | =0 |
p1 | p1 | —ivo2s | —7023
p2 | p1 | =031 | —031
p3 | p1 | —iv012 | —012
1| p2 |iv123 | 7123
prlp2| —im | m
p2 | p2 | —iva | 2
p3 | p2 | —iv3s |3
L ps —70123 | —70123
p1 | p3 | —7o Y10
p2 | p3 | =720 Y20
P3| P3| =30 Y30
01371
| 1| pi| po P3
1 1 Yo | 7123 | —0123
P | —723 | —7023 71 Y10
P2 | =731 | —7031 2 Y20
P3| —712 | —7012 73 Y30
011,3
| 1] dpi | ipa | P3
1 Ll 70 | =723 | —0123
P1 | V23 | Y023 71 —710
P2 | 731 | Y031 Y2 —720
P3| Y12 | Y012 V3 —7Y30



B N O

1 1 Y | 7123 | —0123
i | =23 | =023 | M 710
J| =8| —031 | 72 Y20
k| —m2 | =012 | 73 Y30

e.g. v1v10 = i(i|k)j = (ii)|(kj) = 1|i = o



