
Theorem 1. Cl(𝑝, 𝑞 − 1) ≅ Cl+(𝑝, 𝑞)

Proof. Let {𝑒1,… , 𝑒𝑛−1} be the generators of Cl(𝑝, 𝑞 − 1) and let {𝑓1,… , 𝑓𝑛} be the
generators of Cl(𝑝, 𝑞), where 𝑛 = 𝑝 + 𝑞 and 𝑓2

𝑛 = −1. Define an isomorphism 𝜙 ∶
Cl(𝑝, 𝑞 − 1) → Cl+(𝑝, 𝑞) by:

𝜙(𝑒𝑖) = 𝑓𝑖𝑓𝑛 for 𝑖 < 𝑛
This maps into Cl+(𝑝, 𝑞) since 𝑓𝑖𝑓𝑛 is an even product. The inverse map 𝜙−1 sends
𝑓𝑖𝑓𝑛 ↦ 𝑒𝑖 and extends naturally to products: 𝜙−1(𝑓𝑖𝑓𝑗) = 𝑒𝑖𝑒𝑗 for 𝑖, 𝑗 < 𝑛.

Theorem 2. Cl+(𝑝, 𝑞) ≅ Cl+(𝑞, 𝑝)

Proof. Let {𝑒1,… , 𝑒𝑝} be the positive generators (𝑒2𝑖 = 1) and {𝛾1,… , 𝛾𝑞} be the negative
generators (𝛾2

𝑖 = −1) of Cl+(𝑝, 𝑞). Define 𝜙 ∶ Cl+(𝑝, 𝑞) → Cl+(𝑞, 𝑝) by exchanging
positive and negative generators, and negating negative-squaring bivectors:

𝜙(𝑒𝑖) = 𝛾𝑖 𝜙(𝛾𝑖) = 𝑒𝑖
𝜙(𝑒𝑖𝑒𝑗) = −𝛾𝑖𝛾𝑗 𝜙(𝛾𝑖𝛾𝑗) = −𝑒𝑖𝑒𝑗
𝜙(𝑒𝑖𝛾𝑗) = 𝛾𝑖𝑒𝑗

To verify this is an isomorphism, we check that it preserves all algebraic relations.
There are three cases: the product of two basis-bivectors is either a square, anticom-
mutes, or commutes.

First, the squares of bivectors are preserved:

𝜙(𝑒𝑖𝑒𝑗)2 = (−𝛾𝑖𝛾𝑗)2 = −1 = (𝑒𝑖𝑒𝑗)2
𝜙(𝛾𝑖𝛾𝑗)2 = (−𝑒𝑖𝑒𝑗)2 = −1 = (𝛾𝑖𝛾𝑗)2
𝜙(𝑒𝑖𝛾𝑗)2 = (𝛾𝑖𝑒𝑗)2 = 1 = (𝑒𝑖𝛾𝑗)2

The relations between anticommuting bivectors are also preserved. In this case the
two bivectors have one vector in common, which can either have positive or negative
square. We check that the signs work out in all cases:

𝜙(𝑒𝑖𝑒𝑗)𝜙(𝑒𝑗𝑒𝑘) = (−𝛾𝑖𝛾𝑗)(−𝛾𝑗𝛾𝑘) = −𝛾𝑖𝛾𝑘 = 𝜙(𝑒𝑖𝑒𝑘)
𝜙(𝛾𝑖𝑒𝑗)𝜙(𝑒𝑗𝑒𝑘) = (𝑒𝑖𝛾𝑗)(−𝛾𝑗𝛾𝑘) = 𝑒𝑖𝛾𝑘 = 𝜙(𝛾𝑖𝑒𝑘)
𝜙(𝛾𝑖𝑒𝑗)𝜙(𝑒𝑗𝛾𝑘) = (𝑒𝑖𝛾𝑗)(𝛾𝑗𝑒𝑘) = −𝑒𝑖𝑒𝑘 = 𝜙(𝛾𝑖𝛾𝑘)
𝜙(𝛾𝑖𝛾𝑗)𝜙(𝛾𝑗𝛾𝑘) = (−𝑒𝑖𝑒𝑗)(−𝑒𝑗𝑒𝑘) = 𝑒𝑖𝑒𝑘 = 𝜙(−𝛾𝑖𝛾𝑘)
𝜙(𝑒𝑖𝛾𝑗)𝜙(𝛾𝑗𝛾𝑘) = (𝛾𝑖𝑒𝑗)(−𝑒𝑗𝑒𝑘) = −𝛾𝑖𝑒𝑘 = 𝜙(−𝑒𝑖𝛾𝑘)
𝜙(𝑒𝑖𝛾𝑗)𝜙(𝛾𝑗𝑒𝑘) = (𝛾𝑖𝑒𝑗)(𝑒𝑗𝛾𝑘) = 𝛾𝑖𝛾𝑘 = 𝜙(−𝑒𝑖𝑒𝑘)

Commuting bivectors obviously remain commuting.

Theorem 3. Cl(𝑝, 𝑞 − 1) ≅ Cl(𝑞, 𝑝 − 1)

Proof. Cl(𝑝, 𝑞 − 1) ≅ Cl+(𝑝, 𝑞) ≅ Cl+(𝑞, 𝑝) ≅ Cl+(𝑞, 𝑝 − 1).

Theorem 4. Cl(𝑝 + 1, 𝑞 + 1) ≅ Cl(𝑝, 𝑞) ⊗ Cl(1, 1)

Proof. The crucial point is that even elements of one algebra commute with every element
of another algebra, but odd elements do not. To get a tensor product we need both sides
to commute with each other however.

Let 𝑒𝑖 be the vectors that generate Cl(𝑝, 𝑞) and let 𝑓1, 𝑓2 generate Cl(1, 1). Because 𝑓12
commutes with Cl(𝑝, 𝑞) we can generate an algebra isomorphic to Cl(𝑝, 𝑞) by mapping
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𝑒𝑖 ↦ 𝑒𝑖𝑓12. The product of two basis vectors is unchanged: (𝑒𝑖𝑓12)(𝑒𝑗𝑓12) = 𝑒𝑖𝑗𝑓2
12 = 𝑒𝑖𝑗.

Further, this algebra fully commutes with Cl(1, 1).
Any basis element of the full algebra Cl(𝑝 + 1, 𝑞 + 1) can now be written as a product

of two commuting factors, one of the new Cl(𝑝, 𝑞) and one of Cl(1, 1). E.g. 𝑒1𝑓12 =
(𝑒1𝑓12)(1), 𝑒1𝑓1 = (−𝑒1𝑓12)(𝑓2). This then can be interpreted as a tensor product.

Theorem 5.

Cl(𝑝 + 2, 𝑞) ≅ Cl(𝑞, 𝑝) ⊗ Cl(2, 0)
Cl(𝑝, 𝑞 + 2) ≅ Cl(𝑞, 𝑝) ⊗ Cl(0, 2)

Proof. The proof is essentially the same as the previous one, only now we have 𝑓2
12 = −1.

We therefore find that mapping 𝑒𝑖 ↦ 𝑒𝑖𝑓12 negates the original signature of Cl(𝑝, 𝑞)
because (𝑒𝑖𝑓12)(𝑒𝑗𝑓12) = 𝑒𝑖𝑗𝑓2

12 = −𝑒𝑖𝑗.

Theorem 6.

Cl(4, 0) ≅ Cl(0, 4)
Cl(𝑝 + 4, 𝑞) ≅ Cl(𝑝, 𝑞) ⊗ Cl(4, 0)
Cl(𝑝, 𝑞 + 4) ≅ Cl(𝑝, 𝑞) ⊗ Cl(0, 4)
Cl(𝑝 + 4, 𝑞) ≅ Cl(𝑝, 𝑞 + 4)

Proof.

Cl(4, 0) ≅ Cl(0, 2) ⊗ Cl(2, 0)
≅ Cl(0, 4)

Cl(𝑝 + 4, 𝑞) ≅ Cl(𝑞, 𝑝 + 2) ⊗ Cl(2, 0)
≅ Cl(𝑝, 𝑞) ⊗ Cl(0, 2) ⊗ Cl(2, 0)
≅ Cl(𝑝, 𝑞) ⊗ Cl(4, 0)

Cl(𝑝, 𝑞 + 4) ≅ Cl(𝑞 + 2, 𝑝) ⊗ Cl(0, 2)
≅ Cl(𝑝, 𝑞) ⊗ Cl(2, 0) ⊗ Cl(0, 2)
≅ Cl(𝑝, 𝑞) ⊗ Cl(0, 4)

Cl(𝑝 + 4, 𝑞) ≅ Cl(𝑝, 𝑞) ⊗ Cl(4, 0)
≅ Cl(𝑝, 𝑞) ⊗ Cl(0, 4)
≅ Cl(𝑝, 𝑞 + 4)

The concrete isomorphism between Cl(4, 0) and Cl(0, 4) is given by 𝜑 ∶ 𝑒𝑖 ↦ 𝑒𝑖𝑒1234.

Theorem 7. Cl(1, 1) ≅ ℝ2

Proof.

𝑒+ ≅ ( 1
1 ) 𝑒− ≅ ( −1

1 ) 𝑒+− ≅ (1
−1)

Theorem 8. Cl(1, 0) ≅ ℝ2

Proof. Because Cl(1, 0) ≅ Cl+(1, 1) we find 𝑒1 ≅ (1
−1).

Theorem 9. Cl(0, 3) ≅ ℍ2
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Proof.

𝛾1 ≅ (−𝑖
𝑖) 𝛾2 ≅ (−𝑗

𝑗) 𝛾3 ≅ (−𝑘
𝑘)

𝛾23 ≅ (𝑖
𝑖) 𝛾31 ≅ (𝑗

𝑗) 𝛾12 ≅ (𝑘
𝑘)

𝛾123 ≅ (1
−1)

Theorem 10. ̂𝑎. ̃𝑎, 𝑎† compatible with tensor product

Theorem 11. 𝑎† commutes with even subalgebra isomorphism

Graded constructions
A diagonal matrix may be factored in the following two ways:

(𝑎
𝑏)(𝑐

𝑑) = (𝑎𝑐
𝑏𝑑)

( 𝑎
𝑏 )( 𝑑

𝑐 ) = (𝑎𝑐
𝑏𝑑)

This is very reminiscent of the fact that the even subalgebra is closed under multiplication
but the odd elements are not. We may therefore be tempted to interpret anti-diagonal
matrices as odd elements and diagonal matrices as even elements. This construction
does not usually span the whole matrix space that a non-graded construction would.
The ones that do are particularly cleanly graded matrix algebras. As it turns out,
the left-multiplication algebra of the normed division algebras (identical to the algebra
itself when associative) can be used to find basis vectors for Cl(𝑛, 0) and Cl(0, 𝑛) where
𝑛 ∈ {1, 4, 8} very easily.

Cl(1, 0) ≅ ℂ̄

𝑒 ≅ ( 1
1 )

Cl(0, 1) ≅ ℂ

𝛾 ≅ ( 1
−1 )

Cl(1, 1) ≅ ℝ2

𝑒+ ≅ ( 1
1 ) 𝑒− ≅ ( −1

1 ) 𝑒+− ≅ (1
−1)

Cl(2, 0) ≅ ℍ̄

𝑒1 ≅ ( 𝑖
−𝑖 ) 𝑒2 ≅ ( 1

1 ) 𝑒12 ≅ (𝑖
−𝑖)
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Cl(0, 2) ≅ ℍ

𝛾1 ≅ ( −𝑖
−𝑖 ) 𝛾2 ≅ ( 1

−1 ) 𝛾12 ≅ (𝑖
−𝑖)

Cl(4, 0) ≅ ℍ2

𝑒𝑖 ≅ ( 𝜌𝑖
−𝜌𝑖

) 𝑒4 ≅ ( 1
1 )

𝑒𝑖𝑗 ≅ (−𝜌𝑘
−𝜌𝑘

)𝜖𝑖𝑗𝑘 𝑒𝑖4 ≅ (−𝜌𝑖
𝜌𝑖
)

𝑒𝑖𝑗4 ≅ ( −𝜌𝑘
−𝜌𝑘

)𝜖𝑖𝑗𝑘 𝑒123 ≅ ( −1
1 )

𝑒1234 ≅ (−1
1)

Cl(0, 4) ≅ ℍ2

𝛾𝑖 ≅ ( −𝜌𝑖
−𝜌𝑖

) 𝛾4 ≅ ( 1
−1 )

𝛾𝑖𝑗 ≅ (𝜌𝑘
𝜌𝑘

)𝜖𝑖𝑗𝑘 𝛾𝑖4 ≅ (𝜌𝑖
−𝜌𝑖

)

𝛾𝑖𝑗4 ≅ ( 𝜌𝑘
−𝜌𝑘

)𝜖𝑖𝑗𝑘 𝛾123 ≅ ( 1
1 )

𝛾1234 ≅ (−1
1)

Cl(8, 0). 𝐿𝑒𝑖
means left-multiplication with the octonionic 𝑒𝑖, 𝑖 ∈ [1, 7].

𝑒𝑖 ≅ ( 𝐿𝑒𝑖
−𝐿𝑒𝑖

) 𝑒8 ≅ ( 1
1 )

Cl(0, 8)

𝑒𝑖 ≅ ( −𝐿𝑒𝑖
−𝐿𝑒𝑖

) 𝑒8 ≅ ( 1
−1 )

Table
ℝ

ℝ2 ℂ
ℝ2 ℝ2 ℍ

ℂ2 ℝ2
2 ℂ2 ℍ2

ℍ2 ℝ4 ℝ4 ℍ2 ℍ2
ℍ2

2 ℂ4 ℝ2
4 ℂ4 ℍ2

2 ℂ4
ℍ4 ℍ4 ℝ8 ℝ8 ℍ4 ℍ4 ℝ8

ℂ8 ℍ2
4 ℂ8 ℝ2

8 ℂ8 ℍ2
4 ℂ8 ℝ2

8
ℝ16 ℍ8 ℍ8 ℝ16 ℝ16 ℍ8 ℍ8 ℝ16 ℝ16
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⊗ ℂ ℂ̄ ℍ ℍ̄
ℂ ? ℂ2 ℂ2 ℂ2
ℂ̄ ℝ4 ℍ2 ℝ2

2
ℍ ℝ4 ℍ2
ℍ̄ ℝ4

ℂ̄ ⊗ 𝐴 ≅ Cl(1, 0) ⊗ 𝐴 ≅ ℝ2 ⊗𝐴 ≅ 𝐴2

ℍ̄ ⊗ 𝐴 ≅ Cl(2, 0) ⊗ 𝐴 ≅ ℝ2 ⊗𝐴 ≅ 𝐴2
ℂ ⊗ ℍ ≅ Cl(0, 1) ⊗ Cl(0, 2) ≅ Cl(1, 2) ≅ Cl(0, 1) ⊗ Cl(1, 1) ≅ ℂ ⊗ ℝ2 ≅ ℂ2
ℍ⊗ ℍ ≅ Cl(0, 2) ⊗ Cl(0, 2) ≅ Cl(2, 2) ≅ Cl(1, 1) ⊗ Cl(1, 1) ≅ ℝ2 ⊗ ℝ2 ≅ ℝ4

ℝ ℂ ℍ ℂ̄ ⊗ ℍ ℍ̄ ⊗ ℍ ℂ ⊗ ℍ̄ ⊗ ℍ ℍ⊗ ℍ̄ ⊗ ℍ ℂ̄ ⊗ ℍ ⊗ ℍ̄ ⊗ ℍ ℍ̄ ⊗ ℍ ⊗ ℍ̄ ⊗ ℍ
ℝ ℂ̄ ℍ̄ ℂ ⊗ ℍ̄ ℍ ⊗ ℍ̄ ℂ̄ ⊗ ℍ ⊗ ℍ̄ ℍ̄ ⊗ ℍ ⊗ ℍ̄ ℂ ⊗ ℍ̄ ⊗ ℍ ⊗ ℍ̄ ℍ ⊗ ℍ̄ ⊗ ℍ ⊗ ℍ̄
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