
Differential Geometry
Basics
Tangent vector: 𝐵⃗ = 𝐵𝜇𝜕𝜇.
Covector: A = 𝐴𝜇𝑑𝑥𝜇.
Tetrad field: ea = 𝑒𝑎

𝜇𝑑𝑥𝜇 (ea = ea(𝑥)).
Solder form: 𝑒 = ea𝛾𝑎.
ea(𝐵⃗) = 𝑒𝑎

𝜈𝑑𝑥𝜈(𝐵𝜇𝜕𝜇) = 𝑒𝑎
𝜇𝐵𝜇 = Ba.

𝑒(𝐵⃗) = Ba𝛾𝑎 = 𝐵.
Wedge-commutator: [𝐴, 𝐵]∧ = 𝐴 ∧ 𝐵 − (−1)𝑔𝑟(𝐵)𝐵 ∧ 𝐴.

Forms
a ∧ b = (𝑎𝜇𝑑𝑥𝜇) ∧ (𝑏𝜈𝑑𝑥𝜈) = 1

2((𝑎𝜇𝑑𝑥𝜇)(𝑏𝜈𝑑𝑥𝜈) − (𝑏𝜈𝑑𝑥𝜈)(𝑎𝜇𝑑𝑥𝜇)) = 𝑎𝜇𝑏𝜈(𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈)
Exterior derivative: 𝑑 = 𝜕𝜇𝑑𝑥𝜇

Apply with wedge: 𝑑𝜓 ∶= 𝑑 ∧ 𝜓 = (𝜕𝜇𝑑𝑥𝜇) ∧ (𝜓𝜈𝑑𝑥𝜈) = 𝜕𝜇𝜓𝜈(𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈)
𝑑 ∧ (𝑑 ∧ 𝜓) = 0.

Metric - Hodge star
𝑢 · 𝑣 = 𝑔𝜇𝜈𝑢𝜇𝑣𝜈 = 𝜂𝑎𝑏𝑢𝑎𝑣𝑏 = 𝜂𝑎𝑏𝑒𝑎

𝜇𝑒𝑏
𝜈𝑢𝜇𝑣𝜈

⇒ 𝑔𝜇𝜈 = 𝜂𝑎𝑏𝑒𝑎
𝜇𝑒𝑏

𝜈 = 𝑒𝜇 · 𝑒𝜈 = 𝑔𝜈𝜇
𝑢 ∧ ⋆𝑣 = (𝑢 · 𝑣) 𝑑𝑉

𝑒𝑎 ∧ ⋆𝑒𝑏 = 𝜂𝑎𝑏 𝑑𝑉 𝑒𝑎 ∧ ⋆𝑒𝑎 = 𝑒𝑎 ∧ ⋆𝑒𝑎 = 𝑑𝑉

Connection - Derivative - Curvature
Connection: Ω = 1

4𝜔𝑎𝑏𝛾𝑎𝑏 = Ω° + 𝐾. (Levi-Civita + Contorsion)
Covariant derivative: 𝐷 = 𝑑 + Ω = 𝐷° + 𝐾
Column-action: 𝐷𝜓 ∶= 𝐷 ∧ 𝜓 = 𝑑 ∧ 𝜓 + Ω ∧ 𝜓
p-form-action: 𝐷𝑋 ∶= 𝑑 ∧ 𝑋 + Ω ∧ 𝑋 − (−1)𝑝𝑋 ∧ Ω = 𝑑 ∧ 𝑋 + [Ω, 𝑋]∧
Curvature: 𝐷(𝐷𝜓) = 𝐷 ∧ (𝐷 ∧ 𝜓)

= 𝑑 ∧ (𝑑 ∧ 𝜓) + 𝑑 ∧ (Ω ∧ 𝜓) + Ω ∧ (𝑑 ∧ 𝜓) + Ω ∧ (Ω ∧ 𝜓)
= 0 + (𝑑 ∧ Ω) ∧ 𝜓 − Ω ∧ (𝑑 ∧ 𝜓) + Ω ∧ (𝑑 ∧ 𝜓) + (Ω ∧ Ω) ∧ 𝜓
= (𝑑 ∧ Ω) ∧ 𝜓 + (Ω ∧ Ω) ∧ 𝜓
= 𝑅 ∧ 𝜓

𝑅 = 𝐷2 ∶= 𝑑 ∧ Ω + Ω ∧ Ω
By definition: 𝐷°𝑒 ∶= 0
Torsion: 𝑇 ∶= 𝐷𝑒 = 𝐷°𝑒 + [𝐾, 𝑒]∧ = [𝐾, 𝑒]∧
Bianchi identities: 𝐷𝑅 = 𝑑 ∧ 𝑅 + Ω ∧ 𝑅 − 𝑅 ∧ Ω

= 𝑑 ∧ (𝑑 ∧ Ω + Ω ∧ Ω) + Ω ∧ (𝑑 ∧ Ω + Ω ∧ Ω) − (𝑑 ∧ Ω + Ω ∧ Ω) ∧ Ω
= 𝑑 ∧ (Ω ∧ Ω) − ((𝑑 ∧ Ω) ∧ Ω − Ω ∧ (𝑑 ∧ Ω))
= 0

𝐷𝑇 = 𝐷(𝐷𝑒) = 𝐷2𝑒 = 𝑅𝑒 ∶= [𝑅, 𝑒]∧

1



Example: Flat 2D space in polar coordinates
𝑥 = 𝑟(cos 𝜃, sin 𝜃)

𝜕𝑟𝑥 = (cos 𝜃, sin 𝜃)
𝜕𝜃𝑥 = 𝑟(− sin 𝜃, cos 𝜃)

⇒ ̂𝑟 = 𝜕𝑟 ̂𝜃 = 1
𝑟 𝜕𝜃 𝑒1

𝑟 = 1 𝑒2
𝜃 = 𝑟

𝑒 = 𝑑𝑟 𝛾1 + 𝑟 𝑑𝜃 𝛾2

𝑒 ∧ 𝑒 = 2(𝑑𝑟 ∧ 𝑟 𝑑𝜃)𝛾12

Derivative:
𝑑 = 𝜕𝑟𝑑𝑟 + 𝜕𝜃𝑑𝜃

𝑑 ∧ 𝑒 = (𝜕𝑟1)(𝑑𝑟 ∧ 𝑑𝑟)𝛾1 + (𝜕𝑟𝑟)(𝑑𝑟 ∧ 𝑑𝜃)𝛾2 + (𝜕𝜃1)(𝑑𝜃 ∧ 𝑑𝑟)𝛾1 + (𝜕𝜃𝑟)(𝑑𝜃 ∧ 𝑑𝜃)𝛾2
= (𝑑𝑟 ∧ 𝑑𝜃)𝛾2

Connection:
Ω = 1

2𝜔12𝛾12 𝜔12 = 𝐴 𝑑𝑟 + 𝐵 𝑑𝜃
Ω ∧ 𝑒 = 1

2(𝜔12𝛾12) ∧ (𝑑𝑟 𝛾1 + 𝑟 𝑑𝜃 𝛾2)
= 1

2(𝐵𝛾2 + 𝐴𝑟𝛾1)(𝑑𝑟 ∧ 𝑑𝜃)
= 𝑒 ∧ Ω

Levi-Civita:
𝐷𝑒 = 𝑑 ∧ 𝑒 + [Ω, 𝑒]∧ = 𝑑 ∧ 𝑒 + Ω ∧ 𝑒 + 𝑒 ∧ Ω

= (𝛾2 + 𝐵𝛾2 + 𝐴𝑟𝛾1)(𝑑𝑟 ∧ 𝑑𝜃) = 0
⇒ 𝜔12 = −𝑑𝜃 Ω = −1

2𝑑𝜃 𝛾12

Curvature:
𝑅 = 𝑑 ∧ Ω + Ω ∧ Ω = 0
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Example: Dirac action
−𝑖ℒ𝐷 = 1

2( ̄𝜓 𝑒 ∧ ⋆𝐷𝜓 + ⋆𝐷 ̄𝜓 ∧ 𝑒 𝜓) + ̄𝜓𝑖𝑚𝜓 𝑑𝑉

Flat space (𝐷 = 𝑑):
⋆𝐷𝜓 = ⋆𝑑 ∧ 𝜓 = (𝜕𝑎𝜓) ⋆ 𝑒𝑎

𝑒 ∧ ⋆𝐷𝜓 = (𝛾𝑏𝑒𝑏) ∧ ((𝜕𝑎𝜓) ⋆ 𝑒𝑎) (𝑒𝑎 ∧ ⋆𝑒𝑎 = 𝑒𝑎 ∧ ⋆𝑒𝑎 = 𝑑𝑉 )
= (𝛾𝑏𝑒𝑏) ∧ ((𝜕𝑎𝜓) ⋆ 𝑒𝑎)
= (𝛾𝑎𝜕𝑎𝜓) 𝑑𝑉

⋆𝐷 ̄𝜓 ∧ 𝑒 = ((𝜕𝑎 ̄𝜓) ⋆ 𝑒𝑎) ∧ (𝛾𝑏𝑒𝑏)
= −(𝜕𝑎 ̄𝜓)𝛾𝑎 𝑑𝑉

⇒ −𝑖ℒ𝐷 = [1
2

̄𝜓𝛾𝑎(𝜕𝑎𝜓) − 1
2(𝜕𝑎 ̄𝜓)𝛾𝑎𝜓 + ̄𝜓𝑖𝑚𝜓] 𝑑𝑉

NB: 𝜕𝑎( ̄𝜓𝛾𝑎𝜓) = (𝜕𝑎 ̄𝜓)𝛾𝑎𝜓 + ̄𝜓𝛾𝑎(𝜕𝑎𝜓)
= [ ̄𝜓𝛾𝑎(𝜕𝑎𝜓) − 1

2𝜕𝑎( ̄𝜓𝛾𝑎𝜓) + ̄𝜓𝑖𝑚𝜓] 𝑑𝑉
≅ [ ̄𝜓𝛾𝑎(𝜕𝑎𝜓) + ̄𝜓𝑖𝑚𝜓] 𝑑𝑉
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