Differential Geometry

Basics

—

Tangent vector: B = B"J,,.

Covector: A = A dz".

Tetrad field: e* = e® dz* (e* = e*(x)).
Solder form: e = e?7,.

e(B) = e, dz"(B"0,) = e, B" = B2,

-

e(B) = B?y, = B.
Wedge-commutator: [4, B], = AA B — (—=1)9"B)B A A.

Forms

aAb=(a,dz") A (b,dz") = 3((a,dz")(b,dz") — (b,dz")(a,dx")) = a,b,(dz" N dz”)

o
Apply with wedge: dy) :=d A ¢ = (9, dxt) A (¢, dz”) = 0,9, (dx" A dx”)
dN(dNyp)=0.

Metric - Hodge star

— v _ a,b _ a b v
U v = g, ut'v” =ng,utv” = nget, e’ utv
_ a b __ _
:>gpy_77abe wCv =€, € =3Gy,
uA*v=(u-v)dV

e A xeb = dv e, N*e? = e Nxe, = dV

Connection - Derivative - Curvature

Connection: Q = w™y,, = Q. + K. (Levi-Civita + Contorsion)

Covariant derivative: D =d + Q = D. + K

Column-action: DYy := DAY =dAp+ QAW

p-form-action: DX :=d A X+ QA X — (—1)PXAQ=dANX+[Q, X],

Curvature: D(Dvy) =D A (D A )

=dA(dAY)+dNQANY)+QA(dAY)+QA(QAY)
=04+@dANYDAY=QANAANY)+QA(AAY)+(QAQ) NP
=(dADAY+ (QAQ) AV
=RAY

R=D?*:=dANQ+QAQ

By definition: D.e :=0

Torsion: T := De = Doe + [K,e], = [K, €],

Bianchi identitiess DR=dAR+QAR—RAQ
—dAdAQ+QAD+QAAAQ+QAQ) —(dAQ+QAQ)AQ
=dANQAQ) —((dADAQ—=QA(dNQ))
=0

DT = D(De) = D*¢ = Re := [R, €],



Example: Flat 2D space in polar coordinates

x =r(cosf,sinb)

52%89 el, =1 e?y=r
Opr = r(—sinb, cos ) e=dr vy, +rdf

eNe=2(dr ANr df)vy,

0,z = (cosf,sinh) = =0

T

Derivative:
d = 0,dr + 0,d0
dNe=(0,1)(dr ANdr)y, + (0,7)(dr A dO)vy, 4+ (0gl)(dO A dr)y, + (Ogr)(db A db)y
= (dr AN dB)y,

Connection:
Q= tw'?y, w2 =Adr+ B df

QNe= %<W12712) A (dr oy + 7 d 7y)
= %(B% + Arvyy)(dr A df)
=eAf)

Levi-Civitas:
De=dANe+[Qe],=dNe+QNe+eAQ
= (7 + Bryy + Aryy)(dr A df) = 0

Curvature:

R=dNQ+QANQ2=0



Example: Dirac action
—iLp = 5(1h e AxDyp +*Dip A e ) + Ppimyp dV

Flat space (D = d):
*Dp = xd N = (0,9) * e*

a

e A*Dp = (y,e°) A ((8,) * %) (e, Nxe® =e? Axe, =dV)
= (7v°ep) A ((04%) * €%)
= (1"9,9) AV

«Dp e = ((0,9) x e*) A (v'ey)
= —(0,9)7" dV

= —ilp = [397"(0,9) — 5(0,0)v* Y + Pimyp] dV
NB: 9, (47*9) = (8,9)7"¢ + ¥y*(9,9)
= [y (8,9) — 30, (V7)) + Yima] dV
= [y (0,4) + imap] dV



