Associator:

[a, b, c] := (ab)c — a(be
[a+b,c,d] = [a,c,d] + [b,c,d]
[a,b+ ¢,d] = [a,b,d] + [a,c,d]
[a,b,c+d] =la,b,c] + [a,b,d]
Octonions are alternative (no proof)
[a,a,b] =0
[a,b,b] =

From this follows anti-symmetry of the associator:

0=[a+ba+b,]

[
= [a,a,c] + [a,b,c] + [b,a,c] + [b,b, ]
[
[

= [a,b,c] + [b,a,c]
= [a,b,c] + [a, ¢, b]
[a, ,C] —[a, ¢, b]
—[b,a,c] = [c,a,b]
=[b,c,a] = —[e,b,a]
For two anti-commuting elements x, y, such that xy = —yx together with the asymmetic

associator we get:

0=[z,y,a] + [y,z,a] = (zy)a — z(ya) + (yx)a — y(xa)
(my) — (vy)a — z(ya) — y(za)

—z(ya) — y(wa)
z(y ) —y(za)
0=la,z,y] + [a,y,z] = (ax)y + (ay)z

(ay)z = —(az)y
Putting this together, three anti-commuting and non-associative elements z,y, z anti-
associate:
0= [‘T’ya Z] - [yv va] = (IEy)Z x(yz) ( )CE + y(Z.’E)
= (zy)z — x(yz) + 2(yz) + x(y2)
(



We can label the seven imaginary units such that e; = e,e4 = e eg = e.e. Obviously
we have:
[€i7 ei] = [eav €A 62-] = [eb7€Bﬂ ei] = [607 €cs ei] =0

For any e, # e, one of the associators vanishes, and the other two turn into the commuta-
tor with e; due to anti-associativity and anti-commutativity. E.g. for e, € {e,,ep, €., ec}:
€x — ea(eAeac)

€x + (eaeA>ex

2

€r — x(€a€A>

[em €A eac] = (eaeA
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Therefore the following holds for any e,, and due to linearity of the commutator and
associator for any x:

2[61'7 1‘] = [eav €A 1‘] + [elw €B> x] + [ew ec, 1‘]
This lets us lets us write any right-multiplication in terms of left-multiplication.

Multiplication algebras

We define left- and right-multiplication operators L a = xza and R, a = ax, which lets
us rewrite the associator in different form:

la,z,y] = [R,R, — R,,a
[a,y,2] = [R,R, — R,,]a
[x,a,y] = [RyLw LzRy]a = [Ry,Lw}a
ly,a,z] = [RxLy — LyRm]a =[R,, Ly}a
[z,y,a] = [L,, — L,L,a
[y, x,a] = [L,, — L,L,]a

This lets us factor out a, and together with asymmetry we get:

R,R,—R,,=—R,R,+R,,
= -R,L,+L,R,
= R,L,— L,R,
=L,,—L,L,
= L, +L,L,
(Lo By = [Ry, L]



Adding two of these identities on each side:
R,R,—R,,—R.R,+ R, =2(R,L,—L,R,)
[Ry7 R ] + R[ ] [va Ly]
[Rz7 Ry] = _R[r,y] - Q[LJN Ry]

L,,—L,L,~ Ly, +L,L,=2(R,L,~L,R,)

zy y Y
[Ly; Ly] = Ly o) = 2[R, L]
Ly, Ly = Ly, 0 —2[L,, R,]
We also get:
R,R,+RR, =R, + R,
L,L,+L,L,=1L,, +1L,,
TODO: show

HRaw Ry}) Ra] = R[[:U Y

) ]7a]7[x1y7a]+[y7$70']7[1'7a1?/]+[y7a7$]7[aﬂx7y]+[a7yvx]

= Rz ),a)-2[z,,0]

Derivation algebra

Derivation D satisfies:

D(zy) = (Dz)y + z(Dy)

D(zy) — x(Dy) = (Dx)y
[D7 Lz] = LDa:

D(zy) — (Dz)y = z(Dy)
DRx — R, Dx = Rp,x

[Da Ry] = RDy
Consider
D, ,a =[[x,y],a] — 3[z,y,a
:H‘T, y]a CL] - 3[y, a, l‘}
(L[:r,y] - R[z,y] - 3[Lcm Ry])a

Using the identities already established we can check that it satisfies the condition above:
[Dx Y7 R ] 2[L[x ] R[m y] [Lx’ Ry]? Ra]
- R[w vl —2[Ly, Ry], Ro] + [R[xvy] + 2L
H ] ] + [R[a:,y]v Ra] + 2[L[1:,y]7 Ra]
R,

Ry R, = Ry ) 4
— Ry

R,]
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We can now express the left-right identity in terms of D-operators:

2[ez’ax] = [eaaeA?m] + [ebverx] + [ecaeCJ?x]

6le;, x] = 3le,, €4, 2] + 3[ey, e, ] + 3[eg, e, x]
[lea eal, 2] + [ley, epl, 2] + [[ec, ecl @] = 3leq, e, 2] + 3[ey, €5, 7] + e, e, 2]
Dea,eAx + Deb:eB:E + Demecx =0

€1 = €€y = €565 = €367 Ny = %(D24 —Dsg) 912 = ﬁ(DM + Dsg — 2D57)

ey = eze5 = eger = €61 Ny = §(Dy5—Dyy) g1 = g5 (Das + Dag — 2Dgr)

e3 = €465 = €761 = €56y Ny = %(D52 —Dys) 911 = ﬁ(Dw + Dyg —2D7;)

ey = €567 = €16y = €gez Ny = %(D63 — D) guu= ﬁ(D&a + D1y — 2D5;)

€5 = €g€y = €363 = €764 Ng = %(Dm —Dy3) G153 = ﬁ(Dm + Dy3 — 2D7y)

€6 = €76y = €364 = €165 Ny %(D34 — Dy5) 99 = ﬁ(D:M + D15 —2D7,)
er =ejeg =eyes =eeq Ny =g(Di3—Dys) Ay = 6\1/§(D13 + Dys — 2Dqg)

su(3)

€1 = ag = Qg11 = AgpR

€9 = —0Q5 = —Qy01 = ABR
€3 = a4 = G190 = AR

€4 = Qg = Q119 = ARG

€5 = a1 = Ggo1 = 4R

= Qp10 = Ag
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Ay ap :Dp pr —Dra.a = —(Dpr,s + Dra,a)
A,ag :Dr re — Dep s = —(Dre.r+ Dgp.p)
Ag,ap :Dg gp— Dprr =—(Dgp,g + Dpr,r)
—Ags,a6p:— (Dpr.pre — Dpc) = —(Dg 5+ Dpr rc)
Ay apr :Dpp— Dreas =—(Dp.r + Dra,a)
A7,agpe :Da r — Dep Br = —(Drg + Dcp.sr)
Az apep ‘Dapr — Dro,s = —(Dgr,a+ Dra,B)
Agsapep :Depr+ Dre.p —2Dprc = —(Drgp+ Dpre+2Dprc)
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Triality
In the following a few identities will be useful:
[z,z,a] =0 (abc) = (bca)
a(zxbz) = [(ax)b]x (za)(bz) = z(ab)x
We can generate CI(8,0) by left-multiplication with the 8 octonionic elements:
e; = (S %) .1 €[0,7]
Spin(8) is generated by a product of an even number of unit vectors:

(LULU 0

0 LULU),u,UE(D,uu:vvzl

Such an element acts on a pair of octonions, the two spinor representations:

L,L;, O s\ (v(us.)
0 LyL,) \s.) \o(us,)
The triality map is the real part of a triple-product (5, Vs_). The vector V' can be
factored into a pair of spinors, so the three elements transform under Spin(8) as follows:
s_ —v(us_)
5, — (5,0
V=V.V_ = @uV ) ((V_u)) = o(uVu)o



The triality product is indeed symmetric under the given Spin(8) action:

(5, Vis_) = ([(s,a)v] [v(uVu)o] [v(us_)])

Cayley-Dickson product
Canonical, nice form of ab:

(a,b)(c,d) == (ac — db, da + b¢)
(a,b)(c,d) := (ac + db, da — be)

Alternative, nice form of ab:

(a,b)(c,d) := (ac — db, ad + cb)
(a,b)(c,d) == (ac + db, —ad + ¢cb)

Misc

TODO: moufang identities, alternativity, flexibility (general), power associativity (gene-
ral)

TODO: z(z*a) = (zz*)a.

TODO: Spin(8) triality symmetry



