Associator:

[a, b, c] := (ab)c — a(be
[a+b,c,d] = [a,c,d] + [b,c,d]
[a,b+ ¢,d] = [a,b,d] + [a,c,d]
[a,b,c+d] =la,b,c] + [a,b,d]
Octonions are alternative (no proof)
[a,a,b] =0
[a,b,b] =

From this follows anti-symmetry of the associator:

0=[a+ba+b,]

[
= [a,a,c] + [a,b,c] + [b,a,c] + [b,b, ]
[
[

= [a,b,c] + [b,a,c]
= [a,b,c] + [a, ¢, b]
[a, ,C] —[a, ¢, b]
—[b,a,c] = [c,a,b]
=[b,c,a] = —[e,b,a]
For two anti-commuting elements x, y, such that xy = —yx together with the asymmetic

associator we get:

0=[z,y,a] + [y,z,a] = (zy)a — z(ya) + (yx)a — y(xa)
(my) — (vy)a — z(ya) — y(za)

—z(ya) — y(wa)
z(y ) —y(za)
0=la,z,y] + [a,y,z] = (ax)y + (ay)z

(ay)z = —(az)y
Putting this together, three anti-commuting and non-associative elements z,y, z anti-
associate:
0= [‘T’ya Z] - [yv va] = (IEy)Z x(yz) ( )CE + y(Z.’E)
= (zy)z — x(yz) + 2(yz) + x(y2)
(



We can label the seven imaginary units such that e; = e,e4 = e eg = e.e. Obviously
we have:

[€i7 ei] = [eav €A 62-] = [eb7€Bﬂ ei] = [607 €cs ei] =0
For any e, # e, one of the associators vanishes, and the other two turn into the commuta-
tor with e; due to anti-associativity and anti-commutativity. E.g. for e, € {e,,ep, €., ec}:
€x — ea(eAeac)
€x + (eaeA>ex

€r — ex(ea€A>

[em €A eac] = (eaeA

|
—
Q)
)
Y
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— — —

Therefore the following holds for any e
associator for any x:

and due to linearity of the commutator and

x?

2[€i7$] = [eaveAvx] + [elweB?x] + [eweC?x]

This lets us lets us write any right-multiplication in terms of left-multiplication.
In more Spin-friendly terms we can rearrange as follows:

1
R, = §<—Li +LoatLyp+L.c)
R

—GLiet(Laatly s+l o)

R 3R —
eilipili — g~ G RipT(Laatly gt+Lle o)
—eiligiRi — gTLa,atly, ptlec)e—TR;
YR, S(—Li+Lga+Ly p+Lcc)

That is: a right-multiplied octonion corresponds to a chain of 7 left-multiplied octonions
and vice versa, in such a way that they factor into 3 simple and one “duality” rotation
around half the angle.

Multiplication algebras

We define left- and right-multiplication operators L a = xza and R, a = ax, which lets
us rewrite the associator in different form:

la,z,y] = [R,R, — R, a
la,y,z] = [R,R, — R, ]a
[,a,y] = [RyLz LrRy]a = [Ry,Lw}a
ly,a,z] = [RwLy — LngC]a =[R,, Ly}a
[z,y,a] = [L,, — L,L,a
ly,x,a] = [L,, — L,L,]a



This lets us factor out a, and together with asymmetry we get:

R,R,—R,,=—R,R,+ R,
= R,L, +L,R,
= R,L,—L,R,
=L,,—L,L,
= L, +L,L,

(Lo By = [Ry, L]

Adding two of these identities on each side:

R,R, —R,,— R,R,+ R,,

2(R,L, — L,R,)

[Ryv Rw] + R[y,w] - Q[Raw Ly]
[R:m Ry] = _R[r,y] - 2[La:7 Ry]
Ly, —L,L,— Ly, +L,L, =2(R,L, —L,R,)
[Lyﬂ Lw] - L[y,m] = 2{Rm7 Ly]
[Lm> Ly] = L[m,y] - Q[L;m Ry]
We also get:
R,R,+ RyR, = R,,+ R,
L,L,+L,L, =L, +L,
TODO: show

HRm7 RyL Ra] = R[[m
= B

7y]va]f[Ivyva]+[yva:7a]7[1’70'731]+[y7a7$]7[avzvy]+[avva]

,y],a]—?[m,y,a]

Derivation algebra

Derivation D satisfies:

D(zy) = (Dz)y + z(Dy)

D(zy) — x(Dy) = (Dx)y
[D7 Lr] = LDw

D(zy) — (Dz)y = z(Dy)
DRz — R, Dx = Rp,x
(D, Ry] = RDy

Consider



Using the identities already established we can check that it satisfies the condition above:

[D R ] =2 L[ac yJ R[w yl [L Ry]v Ra]

- [
= 3[Ry — 2[Lgs By) Ro) + [Rpp y) + 2L, Ro
=3[[R,, Ry], R,| + [Ry ), Ro] +2[Ly, 0 Ry
=3[R, R ] o) — R[[w,y]va]
= 3R y),a)-202.y,0) ~ eyl
= Ryfla.y).al-6[z,y.al
=2Rp_,

We can now express the left-right identity in terms of D-operators:
2[61" ‘73] = [em €A il?] + [ebv €B) ZL‘] + [BC, €os l‘]
6[61" :E] = 3[6(17 €A m] + 3[6b7 €B, x] + 3[607 €cs x]
[[eav eA]’ IE] + [[6177 eB]? IE] + [[66, GC’]a .’E] = 3{6(1, €A l‘] + 3[6177 €B, x] + 3[€c7 €c» LE]

D, ..c+D, c.x+D, . x=0
€1 = €€y = €565 = €367 Ny = %(D24 —Dsg) 912 = ﬁ(DM + Dy — 2D57)
ey = eze5 = eger = eg¢1 Ny = §(Dy5—Dy1) g1 = g5 (Das + Dag — 2Dgr)
e3 = €465 = €761 = €56y Ny = %(D52 —Dys) 911 = ﬁ(D@ + Dyg —2D7;)
ey = €567 = €16y = €gez Ny = %(D63 — D) guu= ﬁ(D&J, + D1y — 2D57)
€5 = €g€) = €363 = €764 Ng = %(Dm —Dy3) G153 = ﬁ(Dm + Dy3 — 2D7y)
€6 = €76y = €364 = €165 Ny %(D34 — Dy5) 99 ﬁ(D:M + D15 —2Dz,)
er =ejeg =eyes = eyeq Ny =g(Di3—Dys) Ay = *%\/g(Dm + Dys — 2Dyg)

su(3)

€1 = a3 = Qg11 — AgB

€9 = —Q5 = —Qj091 = ABR
€3 = a4y = G190 = AR

€4 = Qg = Q119 = ARG

€5 = a1 = Ggo1 = 4B

€g = G = Q19 = Qg

€7 = Q7 = Q171 = ARGB




Ay,ag :Dg gr — Drea =—(Dprp+ Drcc
Ay ag :Dp ra — Dap,s =—(Dgra,r+ Dap.B
Agyap D o — Dprr =—(Dgp.c+ Dpr.r
—A5,a6p = (Dpr.ra — Dp.a) =—(Dg,p+ Dpr ra
Ay apg :Dp g — Dre.as =—(Dpr+ Drgcs
A7 agrq :Da.r — Dap,Br =—(Dgr,c+ Das,Br

=—(Drep+ Dre.s
= —(Drep+ Dpre+2Dprc

As apep ’DGB,R - DRG,B

Ag,apep :Dep r+ Dre.p—2Dpra

0 1 -1
—Ay > —1 Ay 0 A= |1
1 —1 0
0 —t —i
Ay = —1 A= 0 Ag = | —t
—1 —1 0
i 7 R+iGB
Ag =~ 0 A, =~ —2 v=|G+iBR
—i i B +iRG
Triality

In the following a few identities will be useful:

[z,z,a] =0

a(zbx) = [(ax)blx

(abc) = (bca)
(za)(bx) = x(ab)x
We can generate C1(8,0) by left-multiplication with the 8 octonionic elements:
(0 L;\ .
ez_([_/l 0)716[077]
Spin(8) is generated by a product of an even number of unit vectors:

(LvLu 0

0 L{)Lu),u,veﬂ),uu—vv—l



Such an element acts on a pair of octonions, the two spinor representations:

L,L, O s\ _ (v(us_)

0 LyL,) \s.) \o(us,)
The triality map is the real part of a triple-product (5, Vs_). The vector V can be
factored into a pair of spinors, so the three elements transform under Spin(8) as follows:

s_ —v(us_)
5. — (5,a)
V=V.V_— (0uV,))(V_u)v) = v(uVu)v

The triality product is indeed symmetric under the given Spin(8) action:

(5,Vis_) = ([(5,a)v HU(U u) ][ (US )
([(s,u)v] 0) (uVuw)] v v(us_)])
(5yu (UVU)( )

([ V) u(us_))

{l
{
{
= (54 >

Decomposing V = Vﬂ_/, leads to an interesting observation:

Cayley-Dickson product
Canonical, nice form of ab:

(a,b)(c,d) := (ac — db, da + bc)
(a,b)(c,d) = (ac + db, da — bé)

(a,b)(c,d) == (ac — db, ad + cb)
(a,b)(c,d) := (ac + db, —ad + cb)

Misc

TODO: moufang identities, alternativity, flexibility (general), power associativity (gene-
ral)

TODO: z(z*a) = (zz*)a.

TODO: Spin(8) triality symmetry



