Quaternions

Quaternions are the 3D equivalent to complex numbers. They are made up of four
numbers (whence the name) but do not describe 4D space.
We introduce three elements i, j, k that obey the following rules:

jk=—kj=1
1) = —1] =
ki=—ik =

A general quaternion will be denoted as ¢ = qo + q17 + ¢2j + g3k = qo + qv, Where qy
is a quaternionic 3D vector I will call a qvector. The product of two quaternions ¢ and
p looks as follows:

qp = (g0 + av)(po + pv)
= qopo + qoPv + P0Gy + AvPv

where

AvPv = —q1p1 — @2P2 — q3p3 + i(qaps — g3p2) + j(g3p1 — qip3) + k(qip2 — gap1)
= Qv Pv+qv X Py

with

Qv - Pv = —(q1p1 + q2p2 + q3p3)
Qv X Py = i(q2p3 — q3p2)
+ j(g3p1 — q1p3)
+ k(q1p2 — q2p1)

which we call the dot-product and cross-product respectively. The dot-product has ne-
gative sign compared to the dot product of column vectors. Note that

Qv - Pv = Pv " Qv
Qv X Pv = —Pv X Qy
qvxqv:()

which allows us to express both as the symmetric and anti-symmetric part of the general
product:

1
Qv - Pv = §(qvpv + pqu)

1
Qv X Pv = Q(qvpv - pqu)

The conjugate we will denote with ¢* := qo — qy and the squared norm with |q|? :=
qq* = q% + @@+ 3+ q%. For the conjugate of a product we find:

(gp)* = ((q0 +av)(po + pv))"
= (qopo + qoPv + PoQy + Qv - Py + Qv X Py)*
= qoPo — qoPv — Podv + Qv - Py — Qv X Py
= Pogo — PoQv — GoPv + Pv - Qv + Pv X Qv
= (po — pv)(90 — av)
=p*q



With this we get the important property that norms multiply:

lgp|* = (qp)(qp)*
= (qp)(»*q") = q(pp*)q"
= q|p/*¢* = qq*|p|?
= |q|*|p|?

With ¢ = |¢|G where ¢ is a unit-quaternion this property gives us

~ - 1 A -
(jala) - ([bJb) = 3 ([al blab + Ja/[b[ba)
1 .~ =
= [al[bl(5 (@b + b))
= [al[b|(a- )

and similarly

(ala) x (|bJb) = a||b|(a x b)

Let us now consider the geometric interpretation of these products.

Let a and b be any qvectors and ¢ = b — a. If we multiply both sides with their
conjugate we get:
cc* =(b—a)(b—a)*
= bb* + aa* — ab® — ba*
= bb* + aa* + ab + ba
e = [b|* + [a]* +2a - b

and the Pythagorean theorem implies
alb<«<=a-b=0

Now consider the product a - b in general. We can decompose b into components
parallel and perpendicular to a and we find the following:



a-b=a-(by+by)=a-b+a by

=a-b +0

=a ,i,|b|||

= £|b| cos(¢) = —ﬁ“i)’ cos(¢) = —|a||b| cos(¢)
|al |a

For the cross product we have

allb<axb=0

and we can again decompose b:
axb:ax(b||—i—bJ_):a><b||+a><bJ_

:0+a><bL
. a % bL
lal  |by]

= AXDbL i sin(g)

laf|b|

- ]abl\
abL

= m!a\lbl sin(¢)

The first part of this is a unit gqvector, but what about its direction? We can easily show

that it is perpendicular to both a and b:
1
a-(axb) :a-i(ab—ba)

_ 1((aab — aba) + (aba — baa))

4
= 1(a2b — ba?)
4
1
= —Z\a|2(b —b)=0
b-(axb)=..
=0

We’ll prove another useful identity:
1
ax(bxc) = Z(abc — acb — bca + cba)
1
= Z(abc + bac + cab + cba — acb — cab — bac — bca)

1/1 1 1 1
=3 (2(abc + bac) + i(cab + cba) — i(acb + cab) — §(bac + bca)>

:%((f%b)c—i-c(a-b)—(a'C)b—b(a‘C))
:(a-b)c—b(a‘C)

Next we can derive the Rodrigues rotation formula for rotating a vector v around axis



r with angle 0. First some useful identities:

rx(rxv)=(r-r)v—r(r-v)=—v—r(r-v)
rvt =r(v-r+vxr) =r(r-v) —rx(rxv)
= —v—2rx(rxv)

20

cos” 5 — sin?

0 _
5 = cosf
2cosgsin% =sinf

QSiIIQg: 1—cosf

With this we can rewrite the sandwich product and get Rodrigues’ formula:

0 i 0 0 i 0
(cos 5 +rsin g)v(cos 5 —rsin 3)
o2 Oy sin2 0 9 gin O (py —
= cos” gV — sin” grvr + cos 5 sin g (rv — vr)

= cos? gv + sin? gv + 2sin? g(rx(rxv)) + 2cos g sin g(rxv)

=v+(1—cos)(rx(rxv))+sinf(rxv)



