
U(1)

ℒ𝐷𝑖𝑟𝑎𝑐 = ̄𝜓(𝑖𝛾𝜇𝜕𝜇 − 𝑚)𝜓

Global U(1) symmetry:

𝜓 → 𝜓′ = 𝑒𝑖𝑞𝜃𝜓
ℒ′

𝐷𝑖𝑟𝑎𝑐 = ̄𝜓𝑒−𝑖𝑞𝜃(𝑖𝛾𝜇𝜕𝜇 − 𝑚)(𝑒𝑖𝑞𝜃𝜓)
= ̄𝜓𝑒−𝑖𝑞𝜃𝑒𝑖𝑞𝜃(𝑖𝛾𝜇𝜕𝜇 − 𝑚)𝜓
= ̄𝜓(𝑖𝛾𝜇𝜕𝜇 − 𝑚)𝜓

Want local U(1) symmetry: 𝜃 → 𝜃(𝑥). 𝜕𝜇𝜃 ≠ 0.

𝜓 → 𝜓′ = 𝑒𝑖𝑞𝜃𝜓
𝜕𝜇(𝑒𝑖𝑞𝜃𝜓) = 𝜕𝜇(𝑒𝑖𝑞𝜃)𝜓 + 𝑒𝑖𝑞𝜃𝜕𝜇𝜓

= 𝑖𝑞(𝜕𝜇𝜃)𝑒𝑖𝑞𝜃𝜓 + 𝑒𝑖𝑞𝜃𝜕𝜇𝜓
= 𝑒𝑖𝑞𝜃(𝜕𝜇 + 𝑖𝑞𝜕𝜇𝜃)𝜓

𝐷𝜇 ∶= 𝜕𝜇 + 𝑖𝑞𝐴𝜇
𝐴𝜇 → 𝐴′

𝜇 = 𝐴𝜇 − 𝜕𝜇𝜃
𝐷′

𝜇(𝑒𝑖𝑞𝜃𝜓) = 𝑒𝑖𝑞𝜃(𝜕𝜇 + 𝑖𝑞𝜕𝜇𝜃 + 𝑖𝑞𝐴′
𝜇)𝜓

= 𝑒𝑖𝑞𝜃(𝜕𝜇 + 𝑖𝑞𝜕𝜇𝜃 + 𝑖𝑞𝐴𝜇 − 𝑖𝑞𝜕𝜇𝜃)𝜓
= 𝑒𝑖𝑞𝜃(𝜕𝜇 + 𝑖𝑞𝐴𝜇)𝜓
= 𝑒𝑖𝑞𝜃𝐷𝜇𝜓

ℒ = ̄𝜓(𝑖𝛾𝜇𝐷𝜇 − 𝑚)𝜓
ℒ′ = ̄𝜓𝑒−𝑖𝑞𝜃(𝑖𝛾𝜇𝐷′

𝜇 − 𝑚)(𝑒𝑖𝑞𝜃𝜓)
= ̄𝜓𝑒−𝑖𝑞𝜃𝑒𝑖𝑞𝜃(𝑖𝛾𝜇𝐷𝜇 − 𝑚)𝜓
= ̄𝜓(𝑖𝛾𝜇𝐷𝜇 − 𝑚)𝜓 = ℒ

Add kinetic term for 𝐴 by hand:

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇
𝐹 ′

𝜇𝜈 = 𝜕𝜇(𝐴𝜈 − 𝜕𝜈𝜃) − 𝜕𝜈(𝐴𝜇 − 𝜕𝜇𝜃)
= 𝜕𝜇𝐴𝜈 − 𝜕𝜇𝜕𝜈𝜃 − 𝜕𝜈𝐴𝜇 + 𝜕𝜈𝜕𝜇𝜃
= 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 = 𝐹𝜇𝜈

ℒ𝑄𝐸𝐷 = ̄𝜓(𝑖𝛾𝜇𝐷𝜇 − 𝑚)𝜓 − 1
4𝐹𝜇𝜈𝐹 𝜇𝜈

= ̄𝜓(𝑖𝛾𝜇𝜕𝜇 − 𝑞𝛾𝜇𝐴𝜇 − 𝑚)𝜓 − 1
4𝐹𝜇𝜈𝐹 𝜇𝜈
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General Covariant Derivative
Assume transformation 𝜓 → 𝜓′ = 𝑈𝜓. Want 𝐷′

𝜇(𝜓′) = 𝐷′
𝜇(𝑈𝜓) = 𝑈𝐷𝜇(𝜓) with 𝐷𝜇 =

𝜕𝜇 + 𝑋𝜇. Goal: find 𝑋′
𝜇.

𝜕𝜇(𝑈𝜓) = (𝜕𝜇𝑈)𝜓 + 𝑈(𝜕𝜇𝜓)
𝐷′

𝜇(𝑈𝜓) = 𝜕𝜇(𝑈𝜓) + 𝑋′
𝜇𝑈𝜓

= (𝜕𝜇𝑈)𝜓 + 𝑈(𝜕𝜇𝜓) + 𝑋′
𝜇𝑈𝜓

= 𝑈𝐷𝜇(𝜓) = 𝑈(𝜕𝜇𝜓) + 𝑈𝑋𝜇𝜓

𝑈𝑋𝜇 = (𝜕𝜇𝑈) + 𝑋′
𝜇𝑈

𝑋′
𝜇 = 𝑈𝑋𝜇𝑈−1 − (𝜕𝜇𝑈)𝑈−1

SU(2)W and U(1)Y

SU(2)𝑊 :

𝑈 = 𝑒𝑖𝑔𝑤𝜏𝑎𝜃𝑎(𝑥)

𝑋 = −𝑖𝑔𝑤𝜏𝑎𝑊 𝑎
𝜇

𝐷𝜇 = 𝜕𝜇 − 𝑖𝑔𝑤𝜏𝑎𝑊 𝑎
𝜇

U(1)𝑌 :

𝑈 = 𝑒𝑖𝑔𝑦𝑌 𝜃(𝑥)

𝑋 = −𝑖𝑔𝑦𝑌 𝐵𝜇
𝐷𝜇 = 𝜕𝜇 − 𝑖𝑔𝑦𝑌 𝐵𝜇

Higgs
𝐷𝜇 = 𝜕𝜇 + 𝑖𝑔𝑤𝜏𝑎𝑊 𝑎

𝜇 + 𝑖𝑔𝑦𝑌 𝐵𝜇, where the 𝜏 are the 𝜎-matrices but in weak flavor-space,
and Y = 1 for the Higgs-field. We investigate the case of a non-zero vacuum expectation
value, which we can arbitraryly choose to be a scalar isospin-down state: a global phase
cancels out and the choice of isospin-down simply picks out a specific but arbitrary

direction, which we will consider to be aligned with 𝑊 3. We will use 𝜑0 = (0
𝑣). Note

that 𝜏1𝜑0 = 𝑖𝜏2𝜑0, 𝜏3𝜑0 = −𝜑0, 𝜏†
1 = 𝜏1, 𝜑†

0𝜏1𝜑0 = 0, 𝜑†𝜑 = |𝜑|2.

𝐷𝜇𝜑0 = 𝜕𝜇𝜑0 + 𝑖𝑔𝑤𝜏𝑎𝑊 𝑎
𝜇 𝜑0 + 𝑖𝑔𝑦𝐵𝜇𝜑0

= 𝜕𝜇𝜑0 + 𝑔𝑤(𝑖𝜏1𝑊 1
𝜇𝜑0 + 𝑖𝜏2𝑊 2

𝜇𝜑0 + 𝑖𝜏3𝑊 3
𝜇𝜑0) + 𝑔𝑦𝐵𝜇(𝑖𝜑0)

= 𝜕𝜇𝜑0 + 𝑔𝑤(𝑊 1
𝜇(𝑖𝜏1𝜑0) + 𝑊 2

𝜇(𝜏1𝜑0) + 𝑊 3
𝜇(−𝑖𝜑0)) + 𝑔𝑦𝐵𝜇(𝑖𝜑0)

= 𝜕𝜇𝜑0 + 𝑔𝑤(𝑖𝑊 1
𝜇 + 𝑊 2

𝜇)𝜏1𝜑0 + 𝑖(𝑔𝑦𝐵𝜇 − 𝑔𝑤𝑊 3
𝜇)𝜑0

(𝐷𝜇𝜑0)† = 𝜕𝜇𝜑†
0 + 𝑔𝑤(𝑊 1

𝜇(−𝑖𝜑†
0𝑖𝜏1) + 𝑊 2

𝜇(𝜑†
0𝜏1) + 𝑊 3

𝜇(𝑖𝜑†
0)) + 𝑔𝑦𝐵𝜇(−𝑖𝜑0)

= 𝜕𝜇𝜑†
0 + 𝑔𝑤(−𝑖𝑊 1

𝜇 + 𝑊 2
𝜇)𝜑†

0𝜏1 − 𝑖(𝑔𝑦𝐵𝜇 − 𝑔𝑤𝑊 3
𝜇)𝜑†

0
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Because the 𝑊 1 and 𝑊 2 terms are orthogonal to the 𝜕𝜇, 𝑊 3 and 𝐵 terms, a lot of the
products become zero, and some cancel out.

(𝐷𝜇𝜑0)†(𝐷𝜇𝜑0) =(𝜕𝜇𝜑†
0)(𝜕𝜇𝜑0)

+ 𝑔2
𝑤|𝜑0|2(𝑊 1

𝜇 + 𝑖𝑊 2
𝜇)(𝑊 1𝜇 − 𝑖𝑊 2𝜇)

+ |𝜑0|2(𝑔𝑤𝑊 3
𝜇 − 𝑔𝑦𝐵𝜇)(𝑔𝑤𝑊 3𝜇 − 𝑔𝑦𝐵𝜇)

=(𝜕𝜇𝜑†
0)(𝜕𝜇𝜑0)

+ 𝑔2
𝑤|𝜑0|2𝑊 1

𝜇𝑊 1𝜇 + 𝑔2
𝑤|𝜑0|2𝑊 2

𝜇𝑊 2𝜇

+ 𝑔2
𝑤|𝜑0|2𝑊 3

𝜇𝑊 3𝜇 + 𝑔2
𝑦|𝜑0|2𝐵𝜇𝐵𝜇 − 2𝑔𝑤𝑔𝑦|𝜑0|2𝑊 3

𝜇𝐵𝜇

Where the 𝑊 1/2 terms have been multiplied by (−𝑖)(𝑖) to give the 𝑊 + and 𝑊 − bosons.
For the 𝑊 3 and 𝐵 terms we first rotate them into a superposition by angle 𝜃𝑤:

(𝑊 3

𝐵 ) = ( cos 𝜃𝑤 sin 𝜃𝑤
− sin 𝜃𝑤 cos 𝜃𝑤

) (𝑍
𝐴)

𝑔𝑤𝑊 3
𝜇 − 𝑔𝑦𝐵𝜇 = 𝑔𝑤 cos 𝜃𝑤𝑍𝜇 + 𝑔𝑤 sin 𝜃𝑤𝐴𝜇 + 𝑔𝑦 sin 𝜃𝑤𝑍𝜇 − 𝑔𝑦 cos 𝜃𝑤𝐴𝜇

= (𝑔𝑤 sin 𝜃𝑤 − 𝑔𝑦 cos 𝜃𝑤)𝐴𝜇 + (𝑔𝑤 cos 𝜃𝑤 + 𝑔𝑦 sin 𝜃𝑤)𝑍𝜇

For tan 𝜃𝑤 = 𝑔𝑦
𝑔𝑤

the 𝐴 term vanishes and we can rewrite (𝑔𝑤 cos 𝜃𝑤+𝑔𝑦 sin 𝜃𝑤)2 = 𝑔2
𝑤+𝑔2

𝑦.

𝑊 + ∶= 1√
2

(𝑊 1 + 𝑖𝑊 2)

𝑊 − ∶= 1√
2

(𝑊 1 − 𝑖𝑊 2)

(𝐷𝜇𝜑0)†(𝐷𝜇𝜑0) =(𝜕𝜇𝜑†
0)(𝜕𝜇𝜑0)

+ 2|𝜑0|2𝑔2
𝑤𝑊 +

𝜇 𝑊 −𝜇

+ |𝜑0|2(𝑔2
𝑤 + 𝑔2

𝑦)𝑍𝜇𝑍𝜇
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